We develop an extension of the classical Bell polynomials introducing the Laguerre-type version of this well-known mathematical tool. The Laguerre-type Bell polynomials are useful in order to compute the nth Laguerre-type derivatives of a composite function. Incidentally, we generalize a result considered by L. Carlitz in order to obtain explicit relationships between Bessel functions and generalized hypergeometric functions.
Recalling the Bell polynomials
We recall that the Bell polynomials are a classical mathematical tool for representing the nth derivative of a composite function. In fact by considering the composite function Φ(t) := f (g(t)) of functions x = g(t) and y = f (x) defined in suitable intervals of the real axis and n times differentiable with respect to the relevant independent variables and by using the following notations:
[ f ,g] n := f 1 ,g 1 ; f 2 ,g 2 ;... ; f n ,g n , (2.1) they are defined as follows:
For example one has
Further examples can be found in [20, page 49] . Inductively, we can write
where the coefficient A n,k , for any k = 1,...,n, is a polynomial in g 1 ,g 2 ,...,g n , homogeneous of degree k and isobaric of weight n (i.e., it is a linear combination of monomials g 
where
An explicit expression for the Bell polynomials is also given by the Faà di Bruno formula [10] :
where the sum runs over all partitions π(n) of the integer n, that is, n = j 1 + 2 j 2 + ··· + n j n . In (2.7) j h denotes the number of parts of size h, and j = j 1 + j 2 + ··· + j n denotes the number of parts of the considered partition. A proof of the Faà di Bruno formula can be found in [20] . In [22] the proof is based on the umbral calculus (see [23] and the references therein).
Laguerre-type derivatives
The Laguerre-type derivatives were introduced in [7, 8] in connection with a differential isomorphism denoted by the symbol -:= -x , acting onto the space Ꮽ := Ꮽ x of analytic functions of the x variable by means of the correspondence
so that
According to this isomorphism, the exponential operator e x is transformed into the first Laguerre-type exponential e 1 (x) := ∞ k=0 x k /(k!) 2 which is an eigenfunction of the Laguerre derivative operator D L := DxD. We have, in fact, 
Laguerre-type Bell polynomials
The problem of constructing Bell polynomials can be extended in the natural way to the case of the Laguerre-type derivatives.
To this aim, by using notations in (2.1), we introduce the following definition. (t) ).
We will show that rL Y n can be expressed as a polynomial in the independent variable x, depending on f 1 ,g 1 ; f 2 ,g 2 ;... ; f n ,g n in terms of the classical Bell polynomials.
We start noting that, according to a general result due to Viskov [24] , the Laguerre derivative satisfy
and furthermore, for any order r, it turns out that
According to the above equations, the proof of Carlitz [5] can be reduced to a simple application of the Leibnitz rule, since 
The above results can be easily generalized, since
The general case
The following result follows by induction. 
